Existence of relativistic dynamics for two directly interacting Dirac
  particles in 1+3 dimensions by Lienert, Matthias & Nöth, Markus
Existence of relativistic dynamics for two directly
interacting Dirac particles in 1+3 dimensions
Matthias Lienert∗ and Markus Nöth†
May 28, 2019
Abstract
Here we prove the existence and uniqueness of solutions of a class of integral equations
describing two Dirac particles in 1+3 dimensions with direct interactions. This class
of integral equations arises naturally as a relativistic generalization of the integral
version of the two-particle Schrödinger equation. Crucial use of a multi-time wave
function ψpx1, x2q with x1, x2 P R4 is made. A central feature is the time delay of the
interaction. Our main result is an existence and uniqueness theorem for a Minkowski
half space, meaning that Minkowski spacetime is cut off before t “ 0. We furthermore
show that the solutions are determined by Cauchy data at the initial time; however,
no Cauchy problem is admissible at other times. A second result is to extend the first
one to particular FLRW spacetimes with a Big Bang singularity, using the conformal
invariance of the Dirac equation in the massless case. This shows that the cutoff at
t “ 0 can arise naturally and be fully compatible with relativity. We thus obtain a
class of interacting, manifestly covariant and rigorous models in 1+3 dimensions.
Keywords: relativistic quantum theory, interaction with time delay, multi-time wave
functions, Dirac equation, Volterra-type integral equation, non-Markovian dynamics.
1 Introduction
The Dirac equation is perhaps the most important equation in relativistic quantum theory,
thus it may seem surprising that no completely satisfactory mathematical mechanism of
interaction has been found for it. Usually, interactions between many particles are im-
plemented in one of the following ways: (a) adding a potential to the free Hamiltonian,
(b) using a second quantized electromagnetic field which mediates the interaction. Both
approaches face difficulties. Approach (a) corresponds to postulating the equation
iBtϕpt,x1,x2q “
`
HDirac1 `HDirac2 ` V pt,x1,x2q
˘
ϕpt,x1,x2q, (1)
where V is a potential and HDirack the Dirac Hamiltonian acting on the variables of the
k-th particle. Under appropriate circumstances, it is clear that (1) defines an interacting
dynamics (see e.g. [1] and references therein). However, (1) is not Lorentz invariant.
Approach (b), on the other hand, easily leads to a Lorentz invariant dynamics. However,
one encounters difficulties with ultraviolet divergences. These difficulties have led to the
situation that, great efforts notwithstanding, it has so far only been possible to rigorously
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define a Lorentz invariant dynamics for toy models in 1+1 and 1+2 spacetime dimensions
(see e.g. [2–4]). In 1+3 dimensions, it has been an open problem to prove the existence of
the dynamics for any interacting and completely relativistic model.
In this paper, we pursue a new approach to defining interacting dynamics, neither via
potentials nor via second quantized fields, but rather through direct interactions with time
delay, and prove the existence of dynamics for the simple case of two Dirac particles in
1+3 dimensions. The key innovation is to make use of multi-time wave functions. This
concept goes back to Dirac [5], played an important role in the works of Tomonaga [6] and
Schwinger [7], has been studied by different authors over the years [8–13] and has recently
undergone considerable developments [14–24]; an overview can be found in [25]. For two
Dirac particles in Minkowski spacetime M, a multi-time wave function is a map
ψ : MˆMÑ C4 b C4 – C16, px1, x2q ÞÑ ψpx1, x2q. (2)
ψ can be considered a generalization of the single-time wave function ϕ in the Schrödinger
picture, as in Eq. (1). The relation of ψ to ϕ is straightforwardly given by
ϕpt,x1,x2q “ ψppt,x1q, pt,x2qq. (3)
Contrary to the single-time wave function ϕ (which refers to a frame), ψ is a manifestly
covariant object. Under a Poincaré transformation pa,Λq, ψ transforms as
ψ1px1, x2q “ SrΛs b SrΛsψpΛ´1px1 ´ aq,Λ´1px2 ´ aqq, (4)
where SrΛs are the matrices appearing in the spinor representation of the Lorentz group.
For the present purposes, it is crucial that ψ is defined on general space-time con-
figurations px1, x2q P M ˆ M, not only on equal-time configurations as ϕ. By relating
configurations px1, x2q with different time coordinates x01 ‰ x02 one can express interac-
tions with a time delay. It has been pointed out in [26] that in this way, direct relativistic
interactions (unmediated by fields) can be expressed at the quantum level. In particular,
it becomes possible to formulate a quantum analog of direct interactions along light cones,
such as in the Wheeler-Feynman formulation of classical electrodynamics [27, 28], using
values of ψpx1, x2q with px1 ´ x2qµpx1 ´ x2qµ “ 0. This is not directly feasible using just
ϕ. We thus note that new kinds of interacting quantum dynamics can be defined using a
multi-time wave function.
An interesting class of such dynamics has recently been suggested in [26] and has
been subsequently analyzed rigorously in [29, 30]: multi-time integral equations. But why
study integral equations instead of PDEs? To answer this question, note that the initial
value problem ϕp0,x1,x2q “ ψ0px1,x2q of the single-time Schrödinger equation (1) can
equivalently be formulated as the following integral equation:
ϕpt,x1,x2q “ ϕfreept,x1,x2q `
ż 8
0
dt1
ż
d3x11 d3x12 γ01Sret1 pt´ t1,x1 ´ x11qγ02Sret2 pt´ t1,x2 ´ x12q
ˆ V pt1,x11,x12qϕpt1,x11,x12q, (5)
where ϕfree is the solution of the same initial value problem of the free equation ((1) with
V “ 0) and Sretk is the retarded Green’s function of the k-th Dirac operator.
Now, contrary to the PDE (1), the integral equation (5) possesses a straightforward
manifestly covariant generalization in terms of a multi-time wave function, namely:
ψpx1, x2q “ ψfreepx1, x2q `
ż
d4x11 d4x12 S1px1 ´ x12qS2px2 ´ x12qKpx11, x12qψpx11, x12q, (6)
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where ψfree is a solution of the equations D1ψfree “ 0, D2ψfree “ 0, Dk “ piγµk Bk,µ ´mkq
and S1, S2 are (retarded or other) Green’s functions of D1, D2, respectively. Kpx1, x2q de-
notes the so-called interaction kernel, a Poincaré invariant function (or distribution) which
generalizes the potential in Eq. (5). The crucial point is that (6) incorporates interactions
with time delay which cannot be expressed through a PDE. It has been demonstrated
in [26] that for Kpx1, x2q9δppx1 ´ x2qµpx1 ´ x2qµq, the Dirac delta distribution along the
light cone, one re-obtains (1) with V pt,x1,x2q9 1|x1´x2| if one neglects the time delay of
the interaction. Thus, (6) constitutes a natural generalization of (5).
Further support for considering the integral equation (6) comes from the fact that the
Bethe-Salpeter (BS) equation of QFT [31], which is usually considered an effective equation
for a bound state, has a similar form as (6). That being said, there are also significant
physical and mathematical differences between the two equations (see [26, sec. 3.3]).
Previous results. To the best of our knowledge, the first results about the existence and
uniqueness of dynamics for Eq. (6) have been obtained in [29], for the case of a Minkowski
half-space and Klein-Gordon (KG) particles. A "Minkowski half-space" means to use
1
2M ˆ 12M with 12M “ r0,8q ˆ R3, i.e. Minkowski spacetime cut off before t “ 0, as the
domain of integration in (6). The KG case refers to replacing S1, S2 with (retarded) Green’s
functions of the KG equation and ψfree with a solution of plk `m2kqψfree “ 0, k “ 1, 2.
The main result in [29] was to show that for every ψfree which is L2 in the spatial directions
and L8 in the time directions there is a unique solution ψ with the same properties. In
addition, at t1 “ t2 “ 0, ψfree and ψ agree so that one actually has a Cauchy problem
at the initial time. In order to obtain that result, the interaction kernel was assumed to
be either bounded or to just have a 1{|x1 ´ x2| singularity. In 1+3 dimensions, only the
massless case was treated. The proof was based on exploiting a Volterra property which
appears for retarded Green’s functions and 12M, i.e. the time integrations in (6) reach only
from 0 to x01 or x02 (given by the time arguments of ψ on the left hand side). This allowed
an effective iteration scheme for Eq. (6), leading to a global existence and uniqueness result
for a formidable-looking non-Markovian (history dependent) type of dynamics.
The cutoff of spacetime at t “ 0 was introduced in [29] to obtain the Volterra property.
While such a cutoff destroys Lorentz invariance, there could be physical justification for a
beginning in time which is compatible with relativity. Such a justification has been provided
in [30]. There, the integral equation was extended to curved spacetimes and analyzed
in more detail for certain spacetimes which feature a Big Bang singularity, Friedman-
Lemaître-Robertson-Walker (FLRW) spacetimes. The Big Bang then provides a natural
cutoff in the cosmological time. In this way, the existence of certain classes of fully covariant
dynamics for massless KG particles was demonstrated.
Goal of the paper. Here we would like to extend the previous results to the case of Dirac
instead of KG particles. This is desirable as the Dirac equation describes actual elementary
particles (fermions) while the KG equation is usually considered only a toy equation as
its currents do not have the right properties to play the role of a probability current.
Mathematically, the Dirac case is more challenging than the KG case as contrary to the
latter, the Dirac Green’s functions contain distributional derivatives. A Green’s function
of the Dirac equation is given by acting with the adjoint Dirac operator D “ p´iγµBµ´mq
on a Green’s function Gpxq of the KG equation, i.e.
Spxq “ DGpxq. (7)
Consequently, one has to define the integral operator in (6) on a function space where one
can take certain weak derivatives. In contrast to most of non-relativistic physics, this also
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concerns the time derivatives here. The choice of function space can be a tricky issue, as
the convergence of an iteration scheme (and of the Neumann series, our strategy of proof)
requires the integral operator to preserve the regularity, so that the regularity needs to be
in harmony with the structure of the integral equation (see Sec. 2.2).
Further motivation.
1. It is quite challenging to set up an interacting dynamics for multi-time wave functions.
The issue here is not only Lorentz invariance but rather the mere compatibility of
the time evolutions in the various time coordinates. A no-go theorem [14, 20] for
example rules out interaction potentials (which could be Poincaré invariant functions
in the multi-time approach). Thus, interaction is more difficult to achieve for multi-
time than for single-time wave functions. So far, the only rigorous, interacting and
Lorentz invariant multi-time models for Dirac particles have been constructed in
1+1 spacetime dimensions [17, 18] (see, however, [11–13] for non-rigorous Lorentz
invariant models in 1+3 dimensions and [24, chap. 3] for a not fully Lorentz invariant
but rigorous model in 1+3 dimensions). Considering these difficulties, the multi-time
aspect of our model is interesting in its own right.
2. Eq. (6) defines, in the case of retarded Green’s functions, a new class of Volterra-type
equations which may be interesting also for researchers specializing in integral equa-
tions. It provides a reason why a multi-dimensional Volterra-type equation would be
relevant for physics, and shows which properties to expect for applications.
Overview. The paper is structured as follows. In Sec. 2, we specify the integral equation
(6) in detail. The difficulties with understanding the distributional derivatives are discussed
and a suitable function space is identified. Sec. 3 contains our main results. In Sec. 3.1,
we formulate an existence and uniqueness theorem (Thm. 3.2) for Eq. (6) on 12M. It is
shown that the relevant initial data are equivalent to Cauchy data at t “ 0. In Sec. 3.2, we
provide a physical justification for the cutoff at t “ 0 by extending the results to a FLRW
spacetime. In the massless case, we show that an existence and uniqueness theorem can
be obtained from the one for 12M via conformal invariance. The result, Thm. 3.3, covers a
fully relativistic interacting dynamics in 1+3 spacetime dimensions. The proofs are carried
out in Sec. 4. Sec. 5 contains a discussion and an outlook on future research.
2 Setting of the problem
2.1 Definition of the integral operator on test functions
In this section, we show how the integral operator in (6) can be defined rigorously on
test functions. We consider the integral equation (6) on the Minkowski half space 12M :“r0,8q ˆ R3 equipped with the metric g “ diagp1,´1,´1,´1q. We focus on retarded
Green’s functions of the Dirac equation, Sretpxq “ DGretpxq where Gretpxq is the retarded
Green’s function of the KG equation. Explicitly,
Gretpxq “ 1
4pi
δpx0 ´ |x|q
|x| ´
m
4pi
Hpx0 ´ |x|qJ1pm
?
x2q?
x2
(8)
where H denotes the Heaviside function, J1 a Bessel function and x2 “ px0q2 ´ |x|2.
In order to define the meaning of the Green’s functions as distributions, we introduce
a suitable space of test functions:
D “ S `p12Mq2,C16˘, (9)
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the space of 16-component Schwarz functions on p12Mq2. For a smooth interaction kernel
K and a test function ψ P D , we then understand (6) by formally integrating by parts so
that all partial derivatives act on Kψ:
ψpx1, x2q “ψfreepx1, x2q `
ż
1
2
M
d4x11
ż
1
2
M
d4x12Gret1 px1 ´ x11qGret2 px2 ´ x12qrD1D2pKψqspx11, x12q
` boundary terms, (10)
where Dk “ piγµk Bxµk ´ mkq, k “ 1, 2. The boundary terms result from the fact that
ψpx1, x2q ‰ 0 for x01 “ 0 or x02 “ 0 and are given by:ż
R3
d3x11
ż
R3
d3x12 iγ01Gret1 px1 ´ x11qiγ02Gret2 px2 ´ x12qpKψqpx11, x12q
ˇˇ
x01
1“0, x021“0
`
ż
R3
d3x11
ż
1
2
M
d4x12 iγ01Gret1 px1 ´ x11qGret2 px2 ´ x12qD2pKψqpx11, x12q
ˇˇ
x01
1“0
`
ż
1
2
M
d4x11
ż
R3
d3x12 Gret1 px1 ´ x11qiγ02Gret2 px2 ´ x12qD1pKψqpx11, x12q
ˇˇ
x02
1“0 . (11)
Now, Gretk still contains the δ-distribution. We use the latter to cancel the integrals over
x0k
1, k “ 1, 2 in (10) in the following manner.
1
4pi
ż
1
2M
d4x1 δpx
0 ´ x01 ´ |x´ x1|q
|x´ x1| fpx
1q “ 1
4pi
ż
Bx0 pxq
d3x1 1|x´ x1|fpx
1q|x01“x0´|x´x1|
“ 1
4pi
ż
Bx0 p0q
d3y
1
|y|fpx` yq|y0“´|y|. (12)
Moreover,
m
4pi
ż
1
2M
d4x1 Hpx0 ´ x01 ´ |x´ x1|qJ1pm
apx´ x1q2qapx´ x1q2 fpx1q
“ m
4pi
ż
r´x0,8qˆR3
d4y Hp´y0 ´ |y|qJ1pm
a
y2qa
y2
fpx` yq
“ m
4pi
ż 0
´x0
dy0
ż
B|y0|p0q
d3yk
J1pm
a
y2qa
y2
fpx` yq. (13)
For the boundary terms, we similarly use
iγ0
4pi
ż
R3
d3x1 δpx
0 ´ |x´ x1|q
|x´ x1| fp0,x
1q “ iγ
0
4pi
ż
BBx0 p0q
dσpyq fp0,x` yq
x0
(14)
as well as
iγ0
m
4pi
ż
R3
d3x1 Hpx0 ´ x01 ´ |x´ x1|qJ1pm
apx´ x1q2qapx´ x1q2 fpx1q|x01“0
“ iγ0 m
4pi
ż
Bx0 p0q
d3y
J1pm
apx0q2 ´ y2qapx0q2 ´ y2 fp0,x` yq. (15)
This yields the form of the integral equation which shall be the basis of our investigation:
ψpx1, x2q “ ψfreepx1, x2q ` pAψqpx1, x2q. (16)
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The operator A is first defined on test functions ψ P D as
Aψ “
ź
j“1,2
´
A
p1q
j pmq `Ap2qj pmq `Ap3qj pmq `Ap4qj pmq
¯
(17)
where for j “ 1, 2, k “ 1, 2, 3, 4 the operator Apkqj pmq : D Ñ C8
`p12Mq2,C16˘ is defined by
letting the respective operator Apkqpmq, given below, act on the j-th 4-variable and spin
index of ψpx1, x2q, ψ P D .1´
Ap1qpmqψ
¯
pxq “ 1
4pi
ż
Bx0 p0q
d3y
1
|y|ψpx` yq|y0“´|y|, (18)´
Ap2qpmqψ
¯
pxq “ ´m
4pi
ż 0
´x0
dy0
ż
B|y0|p0q
d3y
J1pm
a
y2qa
y2
ψpx` yq, (19)
´
Ap3qpmqψ
¯
pxq “ iγ
0
4pi
ż
BBx0 p0q
dσpyq ψp0,x` yq
x0
, (20)
´
Ap4qpmqψ
¯
pxq “ ´iγ0 m
4pi
ż
Bx0 p0q
d3y
J1pm
apx0q2 ´ y2qapx0q2 ´ y2 ψp0,x` yq. (21)
Here, the dependence of Ap1qj and A
p3q
j on m is only for notational convenience.
We now turn to the question of a suitable Banach space for Eq. (16).
2.2 Choice of Banach space
In order to prove the existence and uniqueness of solutions, we would like to demonstrate
the convergence of the Neumann series. First of all, this requires to extend the integral
operator A to an operator on a suitable Banach space B. The behavior of solutions
ψfreepx1, x2q of the free Dirac equation in each spacetime variable x1, x2 suggests to choose
the Bochner space
B0 “ L8
´
r0,8q2px01,x02q, L
2pR6,C16qpx1,x2q
¯
(22)
with norm
}ψ}B0 “ ess sup
x01,x
0
2ą0
}ψpx01, ¨, x02, ¨q}L2 . (23)
The reason for choosing B0 is that the spatial norm }ψfreepx01, ¨, x02, ¨q}L2 of a solution of
the free Dirac equations is constant in the two time variables x01, x02. A very similar space
as B0 has been used for analyzing (6) in the KG case [29].
However, as (17) involves the Dirac operators D1, D2, B0 is not sufficient for our
problem. An appropriate Banach space B must allow us to take at least weak derivatives
of ψ. The choice of B is a delicate matter. One can easily go wrong with demanding too
much regularity, as we shall illustrate now.
Possible difficulties with the choice of function space. The problem can best be
illustrated with an example which is structurally related to (6) but otherwise simpler.
Consider the equation
fpt, xq “ f freept, zq `
ż t
0
dz1Kpz, z1qBtfpt, z1q, (24)
1We deliberately avoid using tensor products here, as the tensor product of Banach spaces is an am-
biguous notion.
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where f free, f,K : R2 Ñ C and f free is given. (24) is inspired by the term A1D1 in (17).
We would like to set up an iteration scheme for (24). As we cannot integrate by parts
to shift the t-derivative to K, we must demand at least weak differentiability of f with
respect to t. This suggests using a Banach space such as B “ H1pR2q. To prove that the
integral operator in (24) maps B to B (the first step in every iteration scheme), we then
have to estimate the L2-norm of
Bt
ż t
0
dz1Kpz, z1qBtfpt, z1q “ Kpt, tqpBtfqpt, tq `
ż t
0
dz1Kpz, z1qB2t fpt, z1q. (25)
This expression, however, contains B2t f . For this to make sense, we must be allowed to
take the second weak time derivative of f . This, in turn, requires to choose a different
Sobolev space, such as H2pR2q, and to estimate the L2-norm of the second time derivative
of the integral operator acting on f which involves B3t f , and so on. One is thus led to
a Sobolev space where all weak n-th time derivatives have to exist. Such infinite-order
Sobolev spaces have, in fact, been investigated in [32]. However, it does not seem realistic
to get an iteration to converge on these spaces. We therefore take a different approach.
A Banach space adapted to our integral equation. Considering the form of the
integral operator A (17), one can see that it is sufficient that the derivatives D1ψ, D2ψ
and D1D2ψ exist in a weak sense. As we want to prove later that A maps the Banach
space to itself, we have to estimate, among other things, a suitable norm of D1pAψq. If
ψ P D is a test function and K is smooth, we have
D1pAψqpx1, x2q “ D1
ż
d4x11 d4x12 S1px1 ´ x12qS2px2 ´ x12qKpx11, x12qψpx11, x12q
“
ż
d4x12 S2px2 ´ x12qKpx1, x12qψpx1, x12q (26)
where we have used D1S1px1´x11q “ δp4qpx1´x11q. The crucial point now is that (26) does
not contain higher-order derivatives such as D21ψ. The same holds true also for D2pAψq
and D1D2pAψq. Thus, the problem of the toy example (24) is avoided.
Together with the previous considerations about B0 (22), we are led to define the
Banach space Bg as the completion of D with respect to the following Sobolev-type norm:
}ψ}2g “ ess sup
x01,x
0
2ą0
1
gpx01qgpx02q
rψs2px01, x02q (27)
where g : r0,8q Ñ p0,8q is a monotonically increasing function which is such that the
function 1{g is bounded. We admit such a weight factor with hindsight. As we shall see,
a suitable choice of g will make a contraction mapping argument possible.
In (27) we use the notation
rψs2px01, x02q “
3ÿ
k“0
}pDkψqpx01, ¨, x02, ¨q}2L2pR6,C16q (28)
with
Dk “
$’’&’’%
1, k “ 0
D1, k “ 1
D2, k “ 2
D1D2, k “ 3
(29)
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Remark. One can see the purpose of integral equation (6) in determining an interacting
correction to a solution ψfree of the free multi-time Dirac equations Diψfree “ 0, i “ 1, 2.
Therefore, it is important to check that sufficiently many solutions of these free equations
lie in Bg. This is ensured by the following Lemma (see Sec. 4.1 for a proof).
Lemma 2.1 Let ψfree be a solution of the free multi-time Dirac equations Diψfree “ 0, i “
1, 2 with initial data ψfreep0, ¨, 0, ¨q “ ψ0 P C8c pR6,C16q. Furthermore, let g : r0,8q Ñ
p0,8q be a monotonically increasing function with gptq Ñ 8 for t Ñ 8 and gp0q “ 1.
Then ψfree lies in Bg.
Given the definition of A on D as in Sec. 2.1, we shall now proceed with showing
that A is bounded on this space. Furthermore, we show that for a suitable choice of
the weight factor g in Bg, we can achieve }A} ă 1 on D . This allows to extend A to a
contraction onBg so that the Neumann series ψ “ ř8k“0Akψfree yields the unique solution
of ψ “ ψfree `Aψ.
3 Results
3.1 Results for a Minkowski half space
The core of our results is the following Lemma which allows us to control the growth of
the spatial norm of ψ with the two time variables.
Lemma 3.1 Let ψ P D , {Bk “ γµk Bk,µ, k “ 1, 2 and let K P C2pR8,Cq with
}K} :“ sup
x1,x2P 12M
max
 |Kpx1, x2q|, |{B1Kpx1, x2q|, |{B2Kpx1, x2q|, |{B1 {B2Kpx1, x2q|( ă 8.
(30)
Then we have:
rAψs2px01, x02q ď }K}2
ź
j“1,2
`
1` 8Ajpmjq
˘ rψs2px01, x02q, (31)
where Ajpmq “ ř4k“1Apkqj pmq with Apkqj as defined in (57). rψs2px01, x02q is understood as
a function in C8
`p12Mq2˘ to which the operators in front of it are applied.
The proof can be found in Sec. 4.2.
Lemma 3.1 can now be used to identify (with some trial and error) a suitable weight
factor g which allows us to extend A to a contraction on Bg. Our main result is:
Theorem 3.2 (Existence and uniqueness of dynamics on a Minkowski half space.)
Let 0 ă }K} ă 1, µ “ maxtm1,m2u and
gptq “
a
1` bt8 exppbt8{16q, (32)
b “ }K}
4
p1´ }K}q4
`
6` µ4˘4 . (33)
Then for every ψfree P Bg, the equation ψ “ ψfree`Aψ possesses a unique solution ψ P Bg.
The proof is given in Sec. 4.3.
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Remarks.
1. Note that Thm. 3.2 establishes the existence and uniqueness of a global-in-time
solution. The non-Markovian nature of the dynamics makes it necessary to prove
such a result directly instead of concatenating short-time solutions. The key step in
our proof which makes the global-in-time result possible is the suitable choice of the
weight factor g.
2. The main condition in Thm. 3.2 is }K} ă 1. This means that the interaction must
not be too strong (in a suitable sense). A condition of that kind is to be expected
solely because of the contribution }pD1D2pAψqqpx01, ¨, x02, ¨q}L2 “ }Kψpx01, ¨, x02, ¨q}L2
to rAψspx01, x02q. Taking our strategy for setting up the Banach space for granted, we
therefore think that one cannot avoid a condition on the interaction strength. Note
that conditions on the interaction strength also occur at other places in quantum
theory (albeit in a different sense). For example, the Dirac Hamiltonian plus a
Coulomb potential is only self-adjoint if the prefactor of the latter is smaller than a
certain value.
3. Cauchy problem. Thm. 3.2 shows that ψfree uniquely determines the solution ψ.
However, specifying a whole function in Bg amounts to a lot of data. In case ψfree
is a solution of the free multi-time Dirac equations D1ψfree “ 0 “ D2ψfree much less
data are needed. ψfree is then determined uniquely by Cauchy data, and hence ψ is
as well. Furthermore, if ψfree is differentiable, (6) yields
ψp0,x1, 0,x2q “ ψfreep0,x1, 0,x2q. (34)
Thus, Cauchy data for ψfree at x01 “ x02 “ 0 are also Cauchy data for ψ. The procedure
works for arbitrary Cauchy data which are appropriate for the free multi-time Dirac
equations. Note, however, that a Cauchy problem for ψ for times x01 “ t0 “ x02 with
t0 ą 0 is not possible. The reason is that ψpt0,x1, t0,x2q ‰ ψfreept0,x1, t0,x2q in
general (and contrary to (34) the point-wise evaluation may not make sense for ψ).
3.2 Results for a FLRW universe with a Big Bang singularity
In this section we show that a Big Bang singularity provides a natural and covariant
justification for the cutoff at t “ 0. As this justification is our main goal, we make the
point at the example of a particular class of Friedman-Lemaître-Robertson-Walker (FLRW)
spacetimes and do not strive to treat more general spacetimes here. The reason for studying
these FLRW spacetimes is that they are conformally equivalent to 12M [33]. Together with
the conformal invariance of the massless Dirac operator this allows for an efficient method
of calculating the Green’s functions which occur in the curved spacetime analog of the
integral equation (6). By doing this, we show that the existence and uniqueness result on
these spacetimes can be reduced to Thm. 3.2.
As shown in [30], Eq. (6) possesses a natural generalization to curved spacetimesM,
ψpx1, x2q “ ψfreepx1, x2q `
ż
dV px11q
ż
dV px12qG1px1, x11qG2px2, x12qKpx11, x12qψpx11, x12q.
(35)
Here, dV pxq is the spacetime volume element, Si are (retarded) Green’s functions of the
respective free wave equation, i.e.
DGpx, x1q “ r´gpxqs´1{2 δp4qpx, x1q, (36)
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where gpxq is the metric determinant, D the covariant Dirac operator on M, and ψ a
section of the tensor spinor bundle overMˆM.
In order to explicitly formulate (35), we need to know the detailed form of Sret. Note
that results for general classes of spacetimes showing that Sret is a bounded operator on a
suitable function space are not sufficient to obtain a strong (global in time) existence and
uniqueness result. We therefore focus on the case of a flat FLRW universe where it is easy
to determine the Green’s functions explicitly. In that case, the metric is given by
ds2 “ a2pηqrdη2 ´ dx2s (37)
where η is cosmological time and apηq denotes the so-called scale factor. The coordinate
ranges are given by η P r0,8q and x P R3. For a FLRW universe with a Big Bang
singularity, apηq is a continuous, monotonically increasing function of η with apηq “ 0,
corresponding to the Big Bang singularity. The spacetime volume element reads
dV pxq “ a4pηq dη d3x. (38)
The crucial point now is that according to (37) the spacetime is globally conformally
equivalent to 12M, with conformal factor
Ωpxq “ apηq. (39)
In addition, for m “ 0, the Dirac equation is known to be conformally invariant (see
e.g. [34]). More accurately, consider two spacetimesM and ĂM with metrics
rgab “ Ω2 gab. (40)
Then the massless Dirac operator D onM is related to the massless Dirac operator rD onĂM by (see [35]): rD “ Ω´5{2DΩ3{2. (41)
This implies the following transformation behavior of the Green’s functions:rGpx, x1q “ Ω´3{2pxqΩ´3{2px1qGpx, x1q. (42)
One can verify this easily using (41) and the definition of Green’s functions on curved
spacetimes (36).
Denoting the Green’s functions of the Dirac operator on Minkowski spacetime by
Gpx, x1q “ Spx ´ x1q and using coordinates η,x we thus obtain the Green’s functionsrG on flat FLRW spacetimes as:rGpη,x; η1,x1q “ a´3{2pηqa´3{2pη1qSpη ´ η1,x´ x1q. (43)
With this result, we can write out in detail the multi-time integral equation (35) for massless
Dirac particles on flat FLRW spacetimes (using retarded Green’s functions):
ψpη1,x1, η2,x2q “ ψfreepη1,x1, η2,x2q ` a´3{2pη1qa´3{2pη2q
ż 8
0
dη11
ż
d3x11
ż 8
0
dη12
ż
d3x12
ˆ a5{2pη11qa5{2pη12qSret1 pη1 ´ η11,x1 ´ x11qSret2 pη2 ´ η12,x2 ´ x12q pKψqpη11,x11, η12,x12q. (44)
Note that we can regard ψ as a map ψ : p12Mq2 Ñ C16 as the coordinates η,x cover the
flat FLRW spacetime manifold globally.
It seems reasonable to allow for a singularity of the interaction kernel, i.e.
Kpη1,x1, η2,x2q “ a´αpη1qa´αpη1q rKpη1,x1, η2,x2q. (45)
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Here, α ě 0. The singular behavior is motivated by that of the Green’s functions of the
conformal wave equation2. Recall from the introduction that the most natural interaction
kernel on 12M would be Kpx1, x2q9δppx1 ´ x2qµpx1 ´ x2qµq which is a Green’s function
of the wave equation – a concept that can be generalized to curved spacetimes using the
conformal wave equation. Now, under conformal transformations, Green’s functions of
that equation transform as [36]
rGpx, x1q “ Ω´1pxqΩ´1px1qGpx, x1q, (46)
which corresponds to α “ 1 in (45).
Considering (45), our integral equation becomes:
ψpη1,x1, η2,x2q “ ψfreepη1,x1, η2,x2q ` a´3{2pη1qa´3{2pη2q
ż 8
0
dη11
ż
d3x11
ż 8
0
dη12
ż
d3x12
ˆa5{2´αpη11qa5{2´αpη12qSret1 pη1 ´ η11,x1 ´ x11qSret2 pη2 ´ η12,x2 ´ x12q p rKψqpη11,x11, η12,x12q.
(47)
Apart from the scale factors which produce a certain singularity of ψ for η1, η2 Ñ 0, this
integral equation has the form of (6) on 12M. Indeed, we can use the transformation
χpη1,x1, η2,x2q “ a3{2pη1qa3{2pη2qψpη1,x1, η2,x2q (48)
to transform the two equations into each other. We arrive at the following result.
Theorem 3.3 (Existence and uniqueness of dynamics on a flat FLRW universe)
Let, 0 ď α ď 1 and let a : r0,8q Ñ r0,8q be a differentiable function with ap0q “ 0 and
apηq ą 0 for η ą 0. Moreover, assume that rK P C2 `pr0,8q ˆ R3q2,C˘ with
}a1´αpη1qa1´αpη2q rK} ă 1. (49)
Then for every ψfree with a3{2pη1qa3{2pη2qψfree P Bg, (47) has a unique solution ψ with
a3{2pη1qa3{2pη2qψ P Bg (and with g as in Thm. 3.2).
Proof: Multiplying (47) with a3{2pη1qa3{2pη2q and using the relation yields
χpη1,x1, η2,x2q “ χfreepη1,x1, η2,x2q `
ż 8
0
dη11
ż
d3x1
ż 8
0
dη12 a1´αpη11qa1´αpη12q
ˆ Sret1 pη1 ´ η11,x1 ´ x11qSret2 pη2 ´ η12,x2 ´ x12q p rKχqpη11,x11, η12,x12q. (50)
This equation has the form of (6) on 12M with K replaced by a
1´αpη11qa1´αpη12q rK. Thus,
using the same distributional understanding of the Green’s functions as before, Thm. 3.2
yields the claim. l
Remarks.
1. Both ψfree and ψ have a singularity proportional to a´3{2pη1qa´3{2pη2q for η1, η2 Ñ 0.
2. For α ă 1, rK has to compensate the singularities caused by a´3{2pη1qa´3{2pη2q in
order for (49) to hold. In the most natural case α “ 1, however, rK only needs to
satisfy } rK} ă 1, i.e. the same condition as for K in Thm. 3.2.
2The conformal wave equation reads pl ´ R{6qφ “ 0 where l is the d’Alembertian and R the Ricci
scalar of the respective spacetime.
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Figure 1: The function ηptq.
3. Let χfree “ a3{2pη1qa3{2pη2qψfree be differentiable and let χ be the unique solution of
(50). Then, by (50), we have:
χfreep0,x1, 0,x2q “ χp0,x1, 0,x2q, (51)
i.e. χ satisfies a Cauchy problem "at the Big Bang".
4. Remarkably, Thm. 3.3 covers a class of manifestly covariant, interacting integral
equations in 1+3 dimensions. Then the interaction kernel rK has to be covariant as
well. A class of examples (see also [30]) is given by α “ 1 and
rKpx1, x2q “ " fpdpx1, x2qq if x1, x2 are time-like related0 else, (52)
where dpx1, x2q “ p|η1´ η2|´ |x1´x2|q
ş1
0 dτ apτη1`p1´ τqη2q denotes the time-like
distance of the spacetime points x1 “ pη1,x1q and x2 “ pη2,x2q, and f is an arbitrary
smooth function which leads to } rK} ă 1.
4 Proofs
4.1 Proof of Lemma 2.1
Consider a solution ψ of Diψfree “ 0, i “ 1, 2 for compactly supported initial data at x01 “
0 “ x02. As the Dirac equation has finite propagation speed, ψfree is spatially compactly
supported for all times. Without loss of generality we may assume }ψfreept1, ¨, t2, ¨q}L2pR6q “
1 for all times t1, t2, so it follows that also rψfreespt1, t2q “ 1. In the following we will
construct a sequence of test functions pψmqmPN satisfying ψm }¨}g , mÑ8ÝÝÝÝÝÝÝÑ ψfree. Let η :
RÑ R be zero for arguments less than 0 and greater than 1 and in between given by (see
also Fig. 1)
ηptq “ exp
ˆ
´1
t
exp
ˆ
1
t´ 1
˙˙
. (53)
Note that η is smooth and monotonically increasing. Next, we define for every m P N
ψfreem pt1,x1, t1,x2q :“ e´ηpt1´mqpt1´mqe´ηpt2´1qpt2´mqψfreept1,x1, t2,x2q. (54)
This function is smooth and decreases rapidly in all variables and thus lies in D . Now we
estimate }ψfree´ψm}g. Pick m P N. First consider }ψfree´ψm}L2pR6qpt1, t2q. This function
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is identically zero for all t1 ă n and t2 ă n, so we obtain the estimate
sup
t1,t2ą0
1
gpt1q2gpt2q2 }ψ
free ´ ψn}2L2pR6q
“ sup
t1,t2ą0
1
gpt1q2gpt2q2
ˇˇˇ
1´ e´ηpt1´nqpt1´nqe´ηpt2´nqpt2´nq
ˇˇˇ
ď 1
gpnq2 . (55)
For the other terms we use that ψfree solves the free Dirac equation in each variable and
that suptą0 Bte´ηptqt “: α ă 8 is realized for some positive value of t. So we find for
i P t0, 1u:
sup
t1,t2ą0
1
gpt1q2gpt2q2 }Dipψ
free ´ ψnq}2L2pR6qpt1, t2q
“ sup
t1,t2ą0
1
gpt1q2gpt2q2 }γ
0
i ψ
freept1, ¨, t2, ¨qe´ηpt3´i´nqpt3´i´nqBtie´ηpti´nqpti´nq}2L2pR6q ď
α
gpnq2 .
(56)
For the first inequality it has been used that the factor with a derivative vanishes for ti ă n.
An analogous estimate repeated for the D1D2-term yields
sup
t1,t2ą0
1
gpt1q2gpt2q2 }D1D2pψ
free ´ ψnq}2L2pR6qpt1, t2q ď
α2
gpnq4 ď
α2
gpnq2 .
All in all, adding the estimates and taking the square root we find }ψfree ´ ψn}g ď 1`αgpnq ,
which together with the asymptotic behavior of g implies convergence. It follows that the
free solution ψfree can be approximated by Cauchy sequences in D and hence is contained
in Bg which, we recall, has been defined as the completion of D with respect to } ¨ }g. l
4.2 Proof of Lemma 3.1
Throughout the following subsections, let ψ P D and K : R8 Ñ C be a smooth function.
Furthermore define δ :“ 1´ }K}2 ą 0, µ “ maxtm1,m2u and let g be as in the statement
of Thm. 3.2.
We begin with some lemmas which are useful for estimating rAψs2px01, x02q.
Lemma 4.1 Let the following operators be defined on Cpr0,8qq:`Ap1qpmqf˘ptq “ t ż t
0
dρ pt´ ρq2 fpρq,
`Ap2qpmqf˘ptq “ m4t4
24 32
ż t
0
dρ pt´ ρq3 fpρq,`Ap3qpmqf˘ptq “ t2 fp0q,`Ap4qpmqf˘ptq “ m4t6
22 32
fp0q. (57)
Then, for j “ 1, 2 and k “ 1, 2, 3, 4, we define the operator Apkqj pmq acting on functions
φ P Cpr0,8q2q by letting Apkqpmq act on the j-th variable of φpt1, t2q. Then we have for
all ψ P D , all m1,m2 ě 0 and all k, l “ 1, 2, 3, 4:›››Apkq1 pm1qAplq2 pm2qψpt1, ¨, t2, ¨q›››2
L2
ď Apkqj pm1qAplqj pm2q }ψpt1, ¨, t2, ¨q}2L2 . (58)
Here, it is understood that the operators Apkqj are applied to the functions defined by the
norms which follow them, e.g. Ap4q1 pm1q }ψpt1, ¨, t2, ¨q}2L2 “ m
4
1t
6
1
22 32
}ψp0, ¨, t2, ¨q}2L2.
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Proof: We prove (58) for k “ 1, l “ 2 and k “ 3, l “ 4. The remaining cases can be
treated in the same way. We begin with k “ 1, l “ 2, using |J1pxq{x| ď 12 :
}Ap1q1 pm1qAp2q2 pm2qψpx01, ¨, x02, ¨q}2L2 “
m22
p4piq4
ż
R3ˆR3
d3x1 d
3x2
ˆ
ˇˇˇˇ
ˇˇż
B
x01
p0q
d3y1
ż 0
´x02
dy02
ż
B|y02 |
p0q
d3y2
1
|y1|
J1pm2
a
y22qa
y22
ψpx1 ` y1, x2 ` y2q|y01“´|y1|
ˇˇˇˇ
ˇˇ
2
ď m
2
2
p4piq4
ż
R3ˆR3
d3x1 d
3x2
¨˝ż
B
x01
p0q
d3y1
ż 0
´x02
dy02
ż
B|y02 |
p0q
d3y2
1
|y1|2
ˇˇˇˇ
ˇJ1pm2
a
y22qa
y22
ˇˇˇˇ
ˇ
2‚˛
ˆ
¨˝ż
B
x01
p0q
d3y1
ż 0
´x02
dy02
ż
B|y02 |
p0q
d3y2 |ψ|2px1 ` y1, x2 ` y2q|y01“´|y1|‚˛
ď m
2
2
p4piq4
ż
R3ˆR3
d3x1 d
3x2 4pix
0
1
ˆ
pim22px02q4
12
˙
ˆ
¨˝ż
B
x01
p0q
d3y1
ż 0
´x02
dy02
ż
B|y02 |
p0q
d3y2 |ψ|2px1 ` y1, x2 ` y2q|y01“´|y1|‚˛
ď m
4
2 x
0
1 px02q4
3pi2 28
ż
R3ˆR3
d3x1 d
3x2
ż
B
x01
p0q
d3y1
ż 0
´x02
dy02
ż
B|y02 |
p0q
d3y2
ˆ |ψ|2px01 ´ |y1|,x1 ` y1, x02 ` y02,x2 ` y2q. (59)
Exchanging the x and y integrals yields:
(59) ď m
4
2 x
0
1 px02q4
3pi2 28
ż
B
x01
p0q
d3y1
ż 0
´x02
dy02
ż
B|y02 |
p0q
d3y2 }ψpx01 ´ |y1|, ¨, x02 ` y02, ¨q}L2
ď m
4
2 x
0
1 px02q4
3pi2 28
4pi
ż x01
0
dr1 r
2
1
ż 0
´x02
dy02
4pi
3
|y02|3 }ψpx01 ´ |y1|, ¨, x02 ` y02, ¨q}L2
ď m
4
2 x
0
1 px02q4
24 32
ż x01
0
dρ1 px01 ´ ρ1q2
ż x02
0
dρ2 px02 ´ ρ2q3 }ψpρ1, ¨, ρ2, ¨q}L2
“ Ap1q1 pm1qAp2q2 pm2q }ψpx01, ¨, x02, ¨q}2L2 . (60)
Next, we turn to the case k “ 3, l “ 4. Using that the modulus of the largest eigenvalue
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of γ0 is 1, we obtain:
}Ap3q1 pm1qAp4q2 pm2qψpx01, ¨, x02, ¨q}2L2 ď
m22
p4piq4px01q2
ż
R3ˆR3
d3x1 d
3x1
ˆ
ˇˇˇˇ
ˇˇżBB
x01
p0q
dσpy1q
ż
B
x02
p0q
d3y2
J1
´
m2
apx02q2 ´ y22¯apx02q2 ´ y22 |ψ|p0,x1 ` y2, 0,x2 ` y2q
ˇˇˇˇ
ˇˇ
2
ď m
4
2
p4piq4px01q2
ż
R3ˆR3
d3x1 d
3x1
¨˚
˝ż
BB
x01
p0q
dσpy1q
ż
B
x02
p0q
d3y2
ˇˇˇˇ
ˇˇJ1
´
m2
apx02q2 ´ y22¯
m2
apx02q2 ´ y22
ˇˇˇˇ
ˇˇ
2‹˛‚
ˆ
¨˝ż
BB
x01
p0q
dσpy1q
ż
BB
x02
p0q
dσpy2q |ψ|2p0,x1 ` y2, 0,x2 ` y2q‚˛
“ m
4
2
p4piq4px01q2
4pipx01q2 pipx
0
2q3
3
ż
R3ˆR3
d3x1 d
3x1
ż
BB
x01
p0q
dσpy1q
ż
B
x02
p0q
d3y2
ˆ |ψ|2p0,x1 ` y2, 0,x2 ` y2q. (61)
Exchanging the order of the x and y integrals yields:
(61) “ m
4
2
p4piq4pipx
0
2q2
ż
BB
x01
p0q
dσpy1q
ż
B
x02
p0q
d3y2 }ψp0, ¨, 0, ¨q}2L2
“ m
4
2 px01q2 px02q6
22 32
}ψp0, ¨, 0, ¨q}2L2
“ Ap3q1 pm1qAp4q2 pm2q }ψpx01, ¨, x02, ¨q}2L2 . (62)
l
Lemma 4.2 For j “ 1, 2 let Ajpmq “ ř4k“1Apkqj pmq. Then the following estimates hold:
}pAψqpx01, ¨, x02, ¨q}2L2 ď 64 }K}2A1pm1qA2pm2q rψs2px01, x02q, (63)
}pD1pAψqqpx01, ¨, x02, ¨q}2L2 ď 8 }K}2A2pm2q rψspx01, x02q, (64)
}pD2pAψqqpx01, ¨, x02, ¨q}2L2 ď 8 }K}2A1pm1q rψspx01, x02q, (65)
}pD1D2pAψqqpx01, ¨, x02, ¨q}2L2 ď }K}2 rψs2px01, x02q, (66)
where rψs2px01, x02q is regarded as a function of x01, x02 to which the operators in front of it
are applied.
Proof: We start with (63). Recalling (17), the expression Aψ contains terms such as
D1D2pKψq and DipKψq, i “ 1, 2. Recalling also the definition of Dk (Eq. (29)), we have:
D1D2pKψq “
3ÿ
k“0
p∇3´kKqpDkψq (67)
with
∇k :“
$’’&’’%
1, k “ 0
i{B1, k “ 1
i{B2, k “ 2
´{B1 {B2, k “ 3.
(68)
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Hence, noting (30):
|D1D2ψ| ď }K}
3ÿ
k“0
|Dkψ|. (69)
Similarly, we find:
DipKψq ď }K}
3ÿ
k“0
|Dkψ|, i “ 1, 2. (70)
Considering the definition of Apkqj pmq, j “ 1, 2, k “ 1, 2, 3, 4 it follows that
|Aψ| ď }K}
3ÿ
k“0
ź
j“1,2
´
Ajpmjqp1q `Ap2qj pmjq `Ap3qj pmjq `Ap4qj pmjq
¯
|Dkψ|. (71)
In slight abuse of notation, we here use the same symbols for the operators Apkqj pmq acting
on functions with and without spin components.
The idea now is to make use of lemma lemma 4.1. In order to be able to apply the
lemma, we first note that by Young’s inequality for a1, ..., aN P R, we have
´řN
i“1 ai
¯2 ď
N
řN
i“1 a2i and thus:
|Aψpx1, x2q|2 ď 64 }K}2
4ÿ
i,j“1
3ÿ
k“0
ˇˇ
A
piq
1 pm1qApjq2 pm2q |Dkψ|
ˇˇ2
. (72)
Integrating over this expression and using lemma 4.1, we obtain:
}pAψqpx01, ¨, x02, ¨q}2L2 ď 64 }K}2
4ÿ
i,j“1
3ÿ
k“0
Apiq1 pm1qApjq2 pm2q }pDkψqpx01, ¨, x02, ¨q}2L2 . (73)
Recalling the definition of rψs2px01, x02q, Eq. (28) yields (63).
Next, we turn to (64). We start from the initial form of the integral equation (6) and
use that as a distributional identity on test functions ψ P DT , we have D1Sretpx1 ´ x11q “
δp4qpx1 ´ x11q. Thus, we obtain:
pD1Aψqpx1, x2q “
ż
1
2M
d4x12 Sret2 px2 ´ x12qpKψqpx1, x12q. (74)
Proceeding similarly as for (17) we rewrite this as:
D1pAψq “
´
A
p1q
2 pm2qD2 `Ap2q2 pm2qD2 `Ap3q2 pm2q `Ap4q2 pm2q
¯
pKψq. (75)
Considering the form of Apkqj pmjq this implies:
|D1pAψq| ď }K}
4ÿ
i“1
ÿ
kPt0,2u
A
piq
2 pm2q |Dkψ|. (76)
We now square and use Young’s inequality, finding:
|D1pAψq|2 ď 8 }K}2
4ÿ
i“1
ÿ
kPt0,2u
A
piq
2 pm2q |Dkψ|2. (77)
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Integrating and using lemma 4.1 yields:
}D1pAψqpx01, ¨, x02, ¨q}2L2 ď 8 }K}2
4ÿ
i“1
ÿ
kPt0,2u
Apiq2 pm2q }pDkψqpx01, ¨, x02, ¨q}2L2 . (78)
Adding the terms with k “ 1, 3 and using the definition of rψs2px01, x02q gives us (64).
The estimate (65) follows in an analogous way.
Finally, for (66) we also start from the initial integral equation (6) and use DiSreti pxi´
x1iq “ δp4qpxi ´ x1iq. This results in:
D1D2pAψq “ Kψ. (79)
Squaring and integrating gives us:
}D1D2pAψqpx01, ¨, x02, ¨q}2 ď }K}2 }ψpx01, ¨, x02, ¨q}2L2 ď }K}2 rψs2px01, x02q, (80)
which yields (66). l
These estimates are the core of:
Proof of Lemma 3.1: We use lemma 4.2 together with the definition of rψs2px01, x02q to
obtain:
rAψs2px01, x02q ď (63)` (64)` (65)` (66). (81)
Summarizing the operators into a product yields (31). l
4.3 Proof of Theorem 3.2
In order to prove Thm. 3.2, we combine the previous estimates to show that }A} ă 1,
first on test functions ψ P D and by linear extension also on the whole of Bg . We start
with Eq. (31) of Thm. 3.1 using the definition of Aj for j “ 1, 2, as well as the following
estimate, valid for all ψ P D , t1, t2 ą 0:
rψspt1, t2q “ rψspt1, t2q gpt1qgpt2q
gpt1qgpt2q ď }ψ}g gpt1qgpt2q. (82)
Using this in (31) yields:
}Aψ}2g ď sup
x01,x
0
2ą0
1
pgpx01qgpx02qq2
}K}2
ź
j“1,2
p1` 8Ajpmjqq rψs2px01, x02q, (83)
ď sup
x01,x
0
2ą0
}ψ}2
pgpx01qgpx02qq2
}K}2
ź
j“1,2
p1` 8Ajpmjqq pg2 b g2qpx01, x02q, (84)
ď }K}2 }ψ}2g
ˆ
sup
tą0
1
gptq2 p1` 8Apµqq g
2ptq
˙2
, (85)
where µ “ maxtm1,m2u and Apµq “ ř4k“1Apkqpµq with Apkqpµq as in (57).
Next, we shall estimate the term in the big round bracket. To this end, we first note
some special properties of g2, which motivated choosing g as in (32).
Lemma 4.3 For all t ą 0, we haveż t
0
dτ g2pτq “ t
1` bt8 g
2ptq. (86)
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Proof: Differentiating the right side of the equation and using the concrete function g2 as
in (32) shows that it is, indeed, the anti-derivative of g2. Since this function vanishes at
t “ 0, the claim follows. l
Lemma 4.4 For c ă 8 we have
sup
tą0
tc
1` bt8 “
c
8
b´c{8
ˆ
8
c
´ 1
˙´c{8
, (87)
and furthermore for c “ 8:
sup
tą0
t8
1` bt8 “
1
b
. (88)
Proof: To prove (87), considering the shape of the function hptq “ tc{p1`bt8q we find that
the supremum is in fact a maximum which is located at t “ b´1{8 p8{c´ 1q´1{8. Inserting
this back into the function hptq yields (87). (88) follows from t8
1`bt8 “ 1b 11{pbt8q`1 ď 1b . l
Proof of Thm. 3.2: Applying Lemma 4.3 to Apµq g2 yields:
`Ap1qpµq g2˘ptq “ t ż t
0
dρ pt´ ρq2 g2pρq ď t3
ż t
0
dρ g2pρq “ t
4
1` bt8 g
2ptq,
`Ap2qpµq g2˘ptq “ µ4 t4
24 32
ż t
0
dρ pt´ ρq3 g2pρq ď µ
4 t8
24 32
g2ptq
1` bt8 ,`Ap3qpµq g2˘ptq “ t2,`Ap4qpµq g2˘ptq “ µ4 t6
22 32
. (89)
Multiplying with 1{g2ptq and using Lemma 4.4 as well as 1{gptq2 ď p1` bt8q´1, we find:
g´2ptq `Ap1qpµq g2˘ptq ď 1
2
b´
1
2 ,
g´2ptq `Ap2qpµq g2˘ptq ď µ4
24 32 b
,
g´2ptq `Ap3qpµq g2˘ptq ď 1
22 p3bq1{4 ,
g´2ptq `Ap4qpµq g2˘ptq ď µ4
24 31{4
b´3{4. (90)
Using (85), we can employ these inequalities (whose right hand sides are inversely propor-
tional to powers of b) to estimate the norm of A. According to (85), we have, first on D
and by linear extension also on the whole of Bg:
}A} ď }K} sup
tą0
g´2ptq`p1` 8Apµqq g2˘ptq. (91)
Now we use (90) for the various contributions Apkqpµq to Apµq “ ř4k“1Apkqpµq, finding:
}A} ď }K} ` 4}K}
b1{2
` µ
4}K}
18b
` 2}K}p3bq1{4 `
µ4}K}
2p3b3q1{4
bě1ď }K} ` }K}
b1{4
´
4` µ4{18` 2{31{4 ` µ4{p2 ¨ 31{4q
¯
(92)
ă }K} ` }K}
b1{4
p6` µ4q. (93)
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Recalling that b “ }K}4p1´}K}q4 p6` µ4q4 (see (33)), we finally obtain that:
}A} ă }K} ` }K}
b1{4
p6` µ4q “ }K} ` 1´ }K} “ 1. (94)
We have thus shown that A defines (by linear extension) a contraction on Bg. Thus,
the Neumann series ψ “ ř8k“0Akψfree yields the unique (global-in-time) solution of the
equation ψ “ ψfree `Aψ. l
5 Conclusion and outlook
Extending previous work for Klein-Gordon particles [29, 30] to the Dirac case, we have
established the existence of dynamics for a class of integral equations which express direct
interactions with time delay at the quantum level. To obtain this result, we have assumed
a cutoff of the spacetime before t “ 0. It has been demonstrated that the Big Bang
singularity can naturally provide such a cutoff. Remarkably, this yields a class of rigorous
interacting models in 1+3 spacetime dimensions.
Compared to the previous works [29, 30], our techniques have been modified and im-
proved. Instead of demonstrating explicitly the convergence of the Neumann series by
iterating the estimate (31) – which is lengthy – we have here succeeded in directly showing
that A is a contraction on the weighted space Bg for a suitable g. This also has the ad-
vantage that no arbitrary final time T as in [29,30] had to be introduced which could only
later be taken to infinity by an additional argument (involving a change of Banach space).
The main challenge in our work has been the non-Markovian nature of the dynamics.
This has made it necessary to directly prove global existence in time instead of concatenat-
ing short-time solutions on small time intervals (which would have been easier to obtain).
Apart from this, the distributional derivatives in the Green’s functions of the Dirac equa-
tion have made the analysis substantially more difficult than in the Klein-Gordon case.
Compared to the latter, we have also treated the massive case (which was not considered
in [29] for 1+3 dimensions).
Our results are furthermore characterized as follows. We have shown that the wave
function is determined by Cauchy data at the initial time (corresponding to the Big Bang
singularity); however, no Cauchy problem is available at different times. The main require-
ment of our theorems is a smallness condition on the interaction kernel K, demanding that
both K and certain first and second order derivatives of K must be bounded and not too
large. This still admits a wide class of interaction kernels, and we emphasize that in no way
the interaction needs to be small compared to the size of the domain of the wave function.
The latter is a common requirement for Fredholm integral equations but it would make
the result worthless for infinite spatio-temporal domains.
Besides, we have assumed that K is complex-valued while it could be matrix-valued
in the most general case. The reason for this assumption is that our proof requires the
integral operator A to be a map from a certain Sobolev space onto itself in which weak
derivatives with respect to the Dirac operators of the two particles can be taken. If K were
matrix-valued, it would not commute with these Dirac operators in general. Then Aψ
would contain new types of weak derivatives which cannot be taken in the initial Sobolev
space. As illustrated in Sec. 2.2, this creates a situation where more and more derivatives
have to be controlled, possibly up to infinite order where the success of an iteration scheme
seems unlikely. At present, we do not know how to deal with this issue. Improving on
this point, however, defines an important task for future research, as e.g. electromagnetic
interactions involve interaction kernels proportional to γµ1 γ2µ (see [26]).
In addition, it would be desirable to generalize our work in the following regards.
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• N particle integral equations. Our hope is that our work could contribute to the
formulation of a rigorous relativistic many-body theory that can be applied for finite
times, not only for scattering processes. An important step in this direction is to
treat an arbitrary fixed number N P N of particles (setting aside particle creation and
annihilation). A class of possible N -particle integral equations has been suggested
in [26]. It has the schematic form
ψpx1, ..., xN q “ ψfree`
ÿ
iăj
ż
d4x1i d4x1jSipxi´x1iqSjpxj´x1jqKijpx1i, x1jqψp...x1i, ..., x1j , ...q.
(95)
It might well be possible to prove the existence and uniqueness of solutions for that
equation using the methods developed in the present paper.
• Singular interaction kernels. The physically most natural interaction kernel is given
by a delta function along the light cone, Kpx1, x2q9δppx1´x2qµpx1´x2qµq. Getting
closer to this case is one of our central goals. Apart from approaching the problem
head-on by suitably interpreting the distributional expressions and trying to prove
the existence of solutions of the resulting singular integral equation, which seems diffi-
cult, one could also try to make smaller steps first. For example, one could decompose
δppx1´x2qµpx1´x2qµqq into 12|x1´x2| rδpx01´x02´ |x1´x2|q ` δpx01´x02` |x1´x2|qs
and only then replace the delta functions with a peaked but smooth function, keep-
ing the singular factor 1{|x1 ´ x2|. This has been done in [29] for the Klein-Gordon
case. In the Dirac case, the distributional derivatives make a generalization of that
result difficult, and we have not attempted it here. However, it is conceivable that a
suitable modification of our techniques could make it possible to treat this case.
Another interesting question is whether the smallness condition on K can be allevi-
ated such that arbitrarily peaked functions are admitted. This could allow taking a
limit where K approaches the delta function along the light cone.
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